A comprehensive model of laser propagation in the atmosphere with a complete adaptive optics ͑AO͒ system for phase compensation is presented, and a corresponding computer program is compiled. A direct wave-front gradient control method is used to reconstruct the wave-front phase. With the longexposure Strehl ratio as the evaluation parameter, a numerical simulation of an AO system in a stationary state with the atmospheric propagation of a laser beam was conducted. It was found that for certain conditions the phase screen that describes turbulence in the atmosphere might not be isotropic. Numerical experiments show that the computational results in imaging of lenses by means of the fast Fourier transform ͑FFT͒ method agree well with those computed by means of an integration method. However, the computer time required for the FFT method is 1 order of magnitude less than that of the integration method. Phase tailoring of the calculated phase is presented as a means to solve the problem that variance of the calculated residual phase does not correspond to the correction effectiveness of an AO system. It is found for the first time to our knowledge that for a constant delay time of an AO system, when the lateral wind speed exceeds a threshold, the compensation effectiveness of an AO system is better than that of complete phase conjugation. This finding indicates that the better compensation capability of an AO system does not mean better correction effectiveness.
Introduction
It is well known that a turbulent atmosphere deteriorates optical waves that propagate in the atmosphere. Astronomical observation and laser propagation are the most important fields impacted by this problem. An adaptive optics ͑AO͒ system can be used to overcome, at least partially, the atmospheric deterioration of the optical wave. 1 Generally, an AO system can be divided into three parts: wave-front detection, wavefront reconstruction, and wave-front correction. A Hartmann-Shack ͑HS͒ detector is used for real-time detection of the deformed wave front. The widely used wave-front reconstruction methods include the direct wave-front gradient control method 2, 3 and the modal wave-front reconstruction method in terms of Zernike polynomials expansion. 4 A deformable mirror is often used to correct the wave front.
A theoretical model and numerical calculations can be used to simulate the propagation of an optical wave in a turbulent atmosphere and in the operation of an AO system. In this way one can design a new AO system, estimate its performance, and compare the different schemes to optimize results. Furthermore, one can perform numerical experiments for an existing AO system to investigate its operation and performance. It is possible and convenient for the numerical simulation to treat a number of different conditions, some of which might be difficult or even impossible to realize in a real experiment.
To simulate optical wave propagation in a turbulent atmosphere, Fleck and colleagues used the multiple phase-screen method to compute threedimensional laser beam propagation. 5 Martin and Flatte used a similar approach to investigate the intensity and statistics by means of numerical simulation of wave propagation in three-dimensional random media. 6 In theoretical studies of AO systems most investigators use analyses to simulate an AO system and calculate its performance. A number of studies have been published on this topic ͑see, for example, Refs. 7 and 8͒. A few investigators have employed a numerical simulation to study the performance of an AO system. Some studies have appeared in conference proceedings ͑see, for example, Ref. 9͒. However, a detailed description of the theoretical model and computational results were not included in these numerical simulation studies ͑see, for example, Refs. 10 and 11͒.
The current authors have been pursuing simultaneous numerical simulations of the atmospheric propagation of optical waves and an AO system since 1988. This is our first opportunity to communicate our results to our colleagues outside of China. A comprehensive theoretical model was developed and coded into a numerical algorithm. The atmospheric propagation of optical waves and the operation of an AO system were included. A laser beam propagating in the atmosphere with an active AO system was chosen as an example. Simulating the operation of a real AO system, a laser beam from a beacon propagates through a turbulent medium to obtain the deformed wave front; then the deformed wave front is detected, reconstructed, and corrected by the AO system. Finally, a phase-compensated beam from the main laser propagates in the same, but transported ͑because of the time delay in the AO system and the lateral wind and͞or lateral movements of target and main laser͒, turbulent medium again to reach the target. A long-exposure Strehl ratio is used to evaluate the performance of the AO system.
In this paper we discuss the following: ͑i͒ A purely numerical simulation of the propagation of optical waves in a turbulent medium and in the operation of an AO system is described. ͑ii͒ The numerical simulation of the propagation of the optical wave in a turbulent medium and the numerical simulation of all portions of an AO system are combined. The turbulence-deformed wave-front phase is used as the object of treatment of the AO system, and the optical wave with compensated wave-front phase propagates in the same turbulent medium. ͑iii͒ Various conditions in the practical application of wave propagation and the AO system can be included in an analogous way.
Theoretical Model and Numerical Simulation of Laser Propagation in a Turbulent Medium
For optical wave propagation to the forward ͑z͒ direction, Maxwell's wave equation in the parabolic or in the Fresnel approximation can be written as
where ͑x, y, z͒ ϭ E͑x, y, z͒exp͑Ϫikz͒.
E͑x, y, z͒ is a slowly varying wave field amplitude; the wave number k ϭ 2͞; n is the refractive index; n 0 is the refractive index in the medium without turbulence; and for atmospheric propagation n 0 can be taken as 1 and
where n 1 ϭ n Ϫ n 0 is the deviation of the refractive index, which is a stochastic quantity. In the case of laser beam propagation a focused beam is quite important and common. For the focused beam the following coordinate transformations are used,
where a is the radius of the beam and l is a transformation factor; l Ͼ 0 corresponds to a convergent beam, l Ͻ 0 corresponds to a divergent beam, and l 3 ϱ corresponds to a parallel beam.
where
P T is the total beam power, and c is the speed of light. Equation ͑5͒ is the basic propagation equation used in the numerical simulation. It is changed into a difference equation and solved numerically. When we adopt an approach similar to that of Fleck et al., 5 the multiple phase-screen model is used to describe the turbulent medium. The main idea is as follows. The effect of turbulence on the optical wave is expressed in terms of random change in the refractive index n 1 . The propagation path through the turbulent medium can be divided into several segments, which may have different lengths. In this study equally spaced segments are used for simplicity. It is thought that each segment may deform the phase of the optical wave independently but does not have a significant influence on the amplitude of the wave. The amplitude of the optical wave is changed only in the propagation process of the wave with the deformed phase. Changes in amplitude and phase of the optical wave can be treated separately. Then the contribution of the turbulent medium segment to the phase of the optical wave can be pressed into a thin phase screen and added to the initial phase of the wave. The wave with changed phase then propagates to the next phase screen in a medium without turbulence. At the position of the next phase screen, the wave with changed amplitude is modified by the new phase screen and so on. This process continues until the wave reaches the target.
The effect of a turbulent medium segment on the optical wave phase can be deduced as follows. In propagation equation ͑5͒, remove the terms for diffraction, and get
The solution is
where ⌬z ϭ ka 2 ⌬ is the step length in the z direction. The effect of a turbulent medium segment is equivalent to adding an additional phase n 1 ⌬z to the initial phase of the optical wave. In a practical calculation it is assumed that the additional phase is added in an infinitesimally thin phase screen, i.e.,
Then the wave field ͑x , y , ϩ ͒ propagates to reach the next phase screen in a medium without turbulence to obtain ͑x , y , ϩ ⌬͒. Now the problem is to determine the additional phase change ⌫͑x, y͒ resulting from a turbulent medium segment ⌬z.
It can be proved that in the difference form
where ⌽ n ͑k x , k y ͒ ϭ ⌽ n ͑k x , k y , 0͒ is the spectral density for the refractive-index fluctuations. Assuming a von Karman spectrum,
Here C n 2 is the index structure constant and k 0 ϭ 2͞L 0 , where L 0 is the outer scale length of the turbulence. The formula deduction requires that ⌬z Ͼ Ͼ L 0 . a 1 and a 2 are two-dimensional complex random numbers. These independent random numbers are assumed to obey Gaussian statistics and to have variance 1. Furthermore, it is required that
The step lengths ⌬k x and ⌬k y for wave numbers k x and k y are
where N x , N y are the grid numbers in the x and the y directions and ⌬x, ⌬y are the corresponding step lengths. When we combine Eqs. ͑10͒-͑13͒, ⌫͑x, y͒ can be calculated from the double sum ͑assuming the grid numbers N x ϭ N y ϭ N͒,
which can be computed by a sequence of fast Fourier transform ͑FFT͒ operations.
Theoretical Model and Numerical Simulation of an Adaptive Optics System
The research presented here includes only the simulation of an AO system in a stationary state. In a practical AO system, the dynamic control process must be included to make the system stable. The dynamic control process is ignored here. It is well known that an AO system must have a time delay, because the system has a limited response and the wave-front detection, reconstruction, and correction take some time. The effects of the time delay are treated as follows. On the basis of the well-known Taylor hypothesis, the turbulence ͑i.e., the phase screens͒ is considered to be frozen in a short time period ͑for example, for a few milliseconds͒. The phase screens are assumed to move laterally in the delay time period because of lateral wind and͞or the lateral movements of the laser and target. Thus the laser beam with compensated phase will propagate through the laterally moved phase screens to reach the target ͑see Fig. 1͒ . The phase reconstruction used here is based on the direct wave-front gradient control method. 2, 3 The effects of noise and detection errors in the AO system are ignored here. 
A. Wave-Front Detection
The wave field of the beam that radiates from a beacon propagates through a turbulent medium and arrives at a HS detector. The detector is divided into several subapertures. The wave field of a subaperture u 1 ͑x 0 , y 0 ͒ propagates to reach the focal plane of the HS detector. Its wave field becomes
where ͐͐ ⌺ expresses the integral over the subaperture and r is the distance between points ͑x, y͒ on the focal plane and ͑x 0 , y 0 ͒ on the subaperture. The position of the optical center can be calculated as
where ͐͐ T expresses the integral over the focal plane. When we take the position of the optical center of the focused plane-wave field of the subaperture as 0, the average tilts of the subaperture in the x and the y directions can be calculated as
where f is the focal length of the subaperture. In a practical AO system the overall tilt of the wave front is corrected by a specific tilt-correction mirror. In the numerical simulation the overall tilts in the x and the y directions are separated as
where m is the number of the subaperture and G x ͑i͒ and G y ͑i͒ are the average tilts of the ith subaperture in the x and the y directions, respectively. The average tilts of each subaperture after subtraction of the overall tilts in the x and the y directions constitute the tilt matrix G. In this paper it is assumed that the tilt-correction mirror can completely correct the overall tilts x and y .
B. Wave-Front Reconstruction
The main point of wave-front reconstruction is to obtain the control matrix. The control matrix multiplies the tilt matrix G to get the actuator voltage matrix V. The control matrix is determined by use of the direct wave-front gradient control method.
The surface shape of a deformable mirror that is the corrected wave front can be expressed as
where K is the total number of actuators on the deformable mirror, V j is the voltage of the jth actuator, and R j ͑x, y͒ is the influence function of the jth actuator, which describes the effect of a unit displacement of the jth actuator on the surface shape of the deformable mirror. In principle, the influence function of each actuator may be different, and this effect can be included in the numerical simulation. For this study it is assumed that a Gaussian influence function can be used for all actuators of the deformable mirror,
where b is the coupling factor between the adjacent actuators, x j and y j are the coordinates of the jth actuator, and d is the distance between the adjacent actuators. In fact, any type of influence function for the actuator can be used in the simulation computation. Differentiating the corrected wave front m ͑x, y͒ with respect to x and y and averaging over the subaperture, we can show that
Here ͐͐ S i is the integral on the ith subaperture and S i is the area of the ith subaperture. G vxij and G vyij can be considered to be the average tilts on the ith subaperture produced by a unit displacement of the jth actuator. In matrix form,
Equation ͑28͒ can be solved with the least-squares method to obtain
where G v ϩ is the generalized inverse matrix with least-squares and minimum norm of matrix G v . G v ϩ can be deduced by decomposition of singular values. G v ϩ is the control matrix of the direct gradient control wave-front reconstruction.
C. Wave-Front Correction
In a practical AO system the wave-front correction is realized by a high speed tilt-correction mirror and a deformable mirror. Correspondingly, the corrected wave-front phase of the main laser beam can be expressed as
Results and Discussion
The Strehl ratio is a useful parameter for describing the propagation quality of an optical wave. Six Strehl ratios are used in the numerical simulation. The ratio of the brightness of the brightest point on the target after propagation through the turbulent medium and through a vacuum is defined as STRA. The ratio of the optical energies within a circle around the brightest point with a radius of the first dark ring in the Airy pattern after propagation through the turbulent medium and through a vacuum is defined as STRAA. STRB and STRBB are similar ratios for the center point on the target instead of the brightest point. STRC and STRCC are the ratios for the optical center on the target. The long-exposure Strehl ratio obtained from the accumulated wave field is used, since it is similar to experimental observations. Table 1 shows that it is necessary to average over many turbulence realizations to get relatively stable results. Fifty realizations appear to be sufficient. Also note that the values for averaged STRA, STRB, and STRC are comparable, the averaged STRAA, STRBB, and STRCC are comparable, and the former values are much smaller than the latter values.
The relative variances of STRA, STRB, and STRC are always larger than those of STRAA, STRBB, and STRCC. In other words, fluctuations of STRA, STRB, and STRC are larger than those of STRAA, STRBB, and STRCC. We chose STRCC as the evaluation parameter.
It is shown in Table 2 that in turbulent media with different strengths, 40 -50 realizations generally give a relatively stable averaged Strehl ratio, and the Strehl ratio rapidly becomes worse as the turbulence grows stronger. ; phase-screen grids, 512 ϫ 512; propagation grids, 128 ϫ 128, in center; ten phase screens. An improper phase-screen creation method, i.e., an improper random-number generator, can give rise to phase screens without isotropism ͑see Table 4͒ . The averaged Strehl ratios after passing through the phase screens of the first kind at different positions in the x direction are comparable. However, that is not the case in the y direction. We checked independent random numbers a 1 ͑k x , k y ͒ and a 2 ͑k x , k y ͒ ͓see Eqs. ͑10͒ and ͑14͔͒ carefully and found that they obey Gaussian statistics and have variance 1. With another kind of random numbers, a second kind of phase screen was produced that is perfectly isotropic ͑see Table 5͒ .
It was found that, in contrast to Ref. 5, the coordinate transformations, Eqs. ͑4͒, for a focused beam are profitable in that the positions of the phase screens are not influenced by the coordinate transformations. It is quite easy to arrange equally spaced screens. Another advantage of the coordinate transformations is that it is possible to get comparable results by use of fewer phase screens, so computer time can be reduced ͑see Table 6͒ .
The beam from a beacon may propagate in a strong turbulent medium to reach the HS detector. Figures 2 and 3 show a disturbed phase wave front, which is calculated from our numerical simulation for this case. Figure 4 shows the corrected phase after the correction of an AO system of 61 units ͑with 48 subapertures and 61 actuators͒. The correspondence of Figs. 2 and 4 is quite poor, although the Strehl ratio ͑STRCC ϭ 0.673͒ shows that the phase compensation should be quite good. This apparent anomaly results because the calculated phase has discontinuities. The phase calculated from inverse trigonometric functions is limited to changes of 2. The discontinuities in the calculated phase are artifacts of the trigonometric functions. In practice, it is impossible for the wave-front phase to have such discontinuities; even the wave front is greatly deformed Fig. 2 . Surface drawing of deformed phase wave front including overall tilt before phase tailoring. by the turbulent medium. We devised a technique called phase tailoring to remove the phase discontinuities. Figure 5 shows the disturbed phase of Fig.  2 after phase tailoring. The correspondence of Figs. 4 and 5 is quite good. Figure 6 shows the residual phase after AO phase compensation and phase tailoring. Figures 7 and 8 show a cross section of the disturbed phase of Figs. 2 and 5, respectively. It is clear that phase discontinuities are removed after phase tailoring.
For an AO system in a stationary state, in the case of strong turbulence three to four iterations are needed to get the best correction effect for one turbulence realization ͑see Table 7͒ . It can be seen from Table 7 that the Strehl ratio does not correspond to phase variance before phase tailoring, but the correspondence between Strehl ratio and phase variance is quite good after phase tailoring. In the case of weak turbulence, phase tailoring is not needed, and one to two iterations are enough to obtain the best correction. In the numerical simulation of laser propagation in a turbulent medium different random number seed͑s͒ can produce different turbulent media, although its spectral density for the refractive-index fluctuations ͑von Karman spectrum͒ and index structure constant are the same. It can be seen from Table 7 that the Strehl ratios and phase variances with and without an AO system are different for different turbulent media.
Referring to Table 2 as the turbulence strength increases, we see that the Strehl ratios with and without an AO correction rapidly decrease and that ϳ50 turbulence realizations are sufficient for usable average results.
There are two methods of calculating the image of the wave field on each subaperture. These are referred to as the FFT method and the integration method. The former uses the FFT to evaluate wave propagation equation ͑5͒ with n 1 ϭ 0. The latter uses a direct numerical integration to evaluate Eq. ͑15͒ or its equivalent. Equation ͑5͒ can be used only under conditions that satisfy the parabolic or the Fresnel approximation. However, Eq. ͑15͒ can be used in any case. To use Eq. ͑5͒ and the FFT method, the focal length of each subaperture is artificially increased. Table 8 shows that computational results with the FFT to calculate focusing of the wave field onto each subaperture agree well with those from the integration method. The computer time required with the FFT method is approximately 1͞20 of that with the integration method.
Real AO systems have limited response for wave-front detection, reconstruction, and correction, so the output of the compensated phase is delayed. Practically, this is the topic of dynamic control. An effective delay time ⌬t is used to include this effect in the present numerical simulation of an AO system in a stationary state. The main laser beam with the compensated wave front radiates out after ⌬t. In this time period the phase screens move because of lateral wind and͞or lateral movements of target and laser source.
Simulation results for the laser propagation and an AO system with a time delay of 4.5 ms with different lateral wind speeds are shown in Table 9 . The results of open loop ͑without an AO system͒ and those with complete phase conjugation are included as well. It is apparent that as the wind speed increases the AO phase-compensation results worsen. The complete phase-conjugation results worsen more rapidly. Table 7 . OL, open loop. If the turbulent medium does not move, the complete phase-conjugation results are better than those with AO phase compensation. However, when the wind speed is larger than a certain value ͑for the conditions of Table 9 , V Ͼ 3 m͞s͒, the results with AO phase compensation become better than those with complete phase conjugation. As the lateral wind speed is increased further the complete phase-conjugation results become worse than those with no phase compensation. It is concluded that, when the AO system has a certain delay time, an AO system with better phasecompensation capability does not necessarily produce a better compensation result. To obtain better AO compensation, in addition to improving the phasecompensation capability of the AO system by means of increasing the numbers of subapertures and deformable mirror actuators, it is necessary ͑and perhaps more important͒ to decrease the delay time and improve the dynamic control performance of the system.
The numerical simulation was also performed with a filtering method in which an AO system is simplified as a high-pass filter. The filtering method with a proper bandpass can give reasonable results in some cases, but it cannot give quantitative results for some other conditions even for an AO system in a stationary state. The filtering method is only a rough approximation.
A numerical simulation including the effects of noise, detection error, and dynamic control is in progress.
